Introduction
Let F be a continuously differentiable mapping from an open subset of a Banach space B into B. We assume that F has the form I + K where I is the identity and K is a compact operator. In particular, this guarantees that for any y e B, F-(y) is a compact set. If K c 0 is any isolated component of F-1 (y), we may define an integer, called the index,
iF(M) by the formula: i F(H) -deg(F, N M), y)
where N () -(x e 0 I dist(x,M) < e) with e chosen so small that oriented, but the total space E(&) will always be oriented for bundles which arise from this construction.
F-1 (y) n N e) -, and deg(F,
We begin the paper by defining the Euler characteristic for vector bundles with oriented total space and make some remarks as to why this is the appropriate class of vector bundles for which the Euler characteristic (although not necessarily the Euler chomology class) is defined.
In the second section we state and prove the generalization of the index formula.
We conclude with a simple proof of the Gauss-Bonnet-Chern Theorem which makes use of an abstract version of the Gauss mapping and proceeds along lines similar to those followed in the proof of the index formula. The proof is analogous tc that of Allendorfer (6) in the embedded case.
The author would like to express his gratitude to his thesis advisor, Professor Louis Nirenberg, both for suggesting this problem and for his constant interest and support throughout the period when this work was being done.
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1I. The Euler Characteristic
Let P be a smooth n-dimensional vector bundle with orientable total space B. We assume M is a compact smooth n-dimensional manifold without j . j so that g is the pull back of the standard metric on RN (this fact will be of use later).
Proof2
Let (U,h ) a -1,...,k be a trivializing cover for , and let 42 be a subordinate partition of unity. Define
and let i M x Rn + M x R be the obvious bundle embedding with range at
In order to obtain the metric g, we merely pick the h so that g-
is the pull back of the standard metric on UX X (U)
One easily verifies that j has the desired properties.
The complementary bundle n to & in R N x M is defined to be the quotient
defined up to isomorphism by the property:
The existence of the quotient bundle, as well as most of lemma I, is standard and may be found in (3) or (2). We remark that if E(C) is orientable, EMT) is also.
Definition of the Gauss Mapping
Consider the following sequence of maps
where i is the obvious embedding and w projects onto the second factor.
We define
We do not include the proof, as it will appear (with a few cosmetic changes due to the Banach space context) in the proof of the index formula in the next section.
This finishes the proof that X(M) is independent of s as deg(G, E (n), 0) is independent of any section.
The Euler characteristic and the Euler class
We remark that our assumption that E(M) be oriented is different from that usually made in the literature. It is customary to assume that the vector bundle itself, not the total space, is oriented.
The two assumptions differ only in case the base manifold is nonorientable. For example, the tangent bundle of a non-orientable manifold is not orientable, although the Euler characteristic can be defined as the alternating sum of the betti numbers or as the Lefschetz number of the identity map, both of which make sense without assuming orientability. It is immediate, however, that the total space of any tangent bundle is orientable.
It should be noted that for an oriented vector bundle we may define the Euler cohomology class, while in general no such integral class on the base manifold exists if we only assume that the total space is oriented. For our application in §2, it is the integral invariant which plays the central role and the existence of the cohomology class is not important.
Finally, we observe that one may construct a cohomology class, not on the base space, but on its two fold orientable covering space. The pull back bundle will always be orientable and the "Euler class" for the original bundle will be exactly half that of the pull back bundle.
The Index Formula
Let B be Banach space, U an open subset of B and F a mapping
c n is a connected smooth manifold and
We remark that (ii) implies that M is both compact and finite dimensional. (the orientation of E will be described below) and X is its Euler characteristic.
Corollary. If F satisfies (i) -(iv) and
Proof of the Corollary
We first note that (iv) and (v) fix the spectral multiplicity of zero for DF(m) independent of m c M; this in turn fixes p(DF(m)) modulo 2, so that the formula is independent of m. As a consequence of (v) guarantees that P is a spectral projection).
The factor of (-1) P (D F (m ) ) provides for the appropriate orientation as will be described in the proof of the theorem. 
Orientation of E(E)
We begin by introducing the complementary vector bundle(1) M1 no where n CB and n * Range DF(m) = B (ni is the fibre over the point
There exists a natural bundle isomorphism from n to C, namely the mapping which takes each vector to its equivalence class. Henceforth we shall deal with n and describe the orientation of E(n) as follows:
(1) As T (mv)E(n) is naturally isomorphic to T mM n m a f-e in has the form I + K, K compact, and hence has degree plus or minus one. We say that <wl,...,wn, vl,...,Vn> is positively oriented if the degree of the map is plus one.
To check that this defines a global orientation we merely note that <v1,...,vm, wl,...,wm> may be extended to local sections of TE(n) and as DF(m) + 0 m(vw) remains (locally) an isomorphism, its degree remains +1.
(1) For any subbundle of B with finite dimension or codimension, the existence of a complementary bundle follows from the Hahn-Banach theorem. This bundle is only unique up to isomorphism. Proof. We expand F as a Taylor polynomial about points in M:
which implies that for e small the homotopy
satisfies IG(t,x)j > IDF(n(x)) (x -w(x))I -o(ix -n(x)I) and by (iv), Similarly, we define the homotopy
The observation that s(x) E n where Range F * f = B implies that El(r,)
where BN is the ball of radius one in N (see (1)).
We define a 2m-form We shall prove the theorem by explicitly calculating X(&) and showing
where V is the connection on & obtained by pulling back the flat connection on M X e. V is obviously compatible with the pull back metric, which we can arrange to be any metric we wish by Lemma I of J1. To establish the general theorem, we then quote the following simple lemma. 
